Ergodic finite difference operators and associated Riemann surfaces
The standard (three-diagonal) finite-band Jacobi matrices [2, 4] can be defined as almost periodic or even ergordic Jacobi matrices with absolutely continuous spectrum that consists of a finite system of intervals. We wish to find a natural extension of this class of finite difference operators onto multi-diagonal case. First let us recall what is ergodic operator [1, 3] , see also [5] .
Let (Ω, A, dχ) be a separable probability space and let T : Ω → Ω be an invertible ergodic transformation, i.e., T is measurable, it preserves dχ, and every measurable T -invariant set has measure 0 or 1. Let {q
is positive-valued and q (0) is real-vaued. Then with almost every ω ∈ Ω we associate self-adjoint 2d+ 1-dioganal operator J(ω) as follows:
where q (k) n (ω) := q (k) (T n ω) and q (−k) (ω) := q (k) (T −k ω). Note that the structure of J(ω) is described by the following identity (2) J(ω)S = SJ(T ω),
where S is the shift operator in l 2 (Z). The last relation indicates strongly that one can associate with the family of matrices {J(ω)} ω∈Ω a natural pair of commuting operators.
Namely, let L 2 dχ (l 2 (Z)) be the space of l 2 (Z)-valued vector functions, x(ω) ∈ l 2 (Z), with the norm
Then (2) implies
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Further, S is a unitary operator and J is self-adjoint. The space
an invariant subspace for S. It is not invariant with respect to J but it is invariant with respect to J S d . Put 
Existence of a local functional model implies a number of quite strong consequences. In what follows b(ζ) and λ(ζ) denote the functions (symbols) related to operators S + and ( J S d ) + . Let k ζ be the reproducing kernel in H O and letk ζ be its preimage
By the reproducing property
That isk ζ is an eigenvector of S * + with the eigenvalue b(ζ). In the same way,k ζ is an eigenvector of ( J S) * + with the eigenvalue λ(ζ). Thus, if a functional model exists then the spectral problem
. Vice versa, if (4) has a solution of such kind then we define
This provides a local functional model for the pair S + , ( J S) + . The following lemma is evident.
dχ be the unitary operator associated with the ergodic transformation T : (U c)(ω) = c(T ω), c ∈ L 2 dχ . We denote by the same letter q both a function q ∈ L ∞ dχ and the multiplication operator by q (e.g., (qc)(ω) := q(ω)c(ω)). Problem (4) is equivalent to the following spectral problem
We may hope to glue a global functional model on a Riemann surface X 0 = D/Γ 0 formed by functions (z, b). Of course, this model does not necessarily exist (even existence of a local model requires some additional assumptions on the ergodic map and the coefficients functions).
The surface X 0 is in generic case of infinite genus (who is afraid of Riemann surfaces of infinite genus?). However we can reduce it because X 0 possesses a family of automorphisms. Let e {γ} be an eigenvector of U with an eigenvalueμ {γ} (both, the systems of eigenfunctions and eigenvalues, form Abelian groups with respect to multiplication). Using (5) we get immediately that {γ} : (z, b) → (z, µ {γ} b) is an automorphism of X 0 . Taking a quotient of X 0 with respect to these automorphisms we obtain a much smaller surface X = D/Γ, Γ = {γΓ 0 }. Note that z is still a function on X but b becomes a character automorphic function. Finally, using z we may glue boundary of X and to get in this way a compact Riemann surface X c , such that X = X c \ E. The simplest assumption is that the boundary E is a finite system of cuts on X c .
Thus in a certain case we may expect that the following triple {X c , z, E} characterizes spectrum of a finite difference operator. If so we call it a finite band operator. We point out that in fact every triple of this kind gives rise to a family of ergodic finite difference operators. More precise and detailed characteristic of such operators is given in the next section. Now we would like to describe all triples of given type up to a natural equivalence relation.
Definition 1.3. We say that two triples
Note, that for any triple (X c , z, E) the holomorphic function z : X c → CP 1 is a ramified coverings of CP 1 . It is quite convenient to describe equivalence classes of ramified coverings in terms of branching divisor. Namely, a point p ∈ X c such that dz dζ | p = 0 where ζ is a local holomorphic coordinate in a neighoborhood of p is called ramification point (or, critical point) . Its image z(p) is called a branching point (or, critical value) . The set of all branching points of function z form a branching divisor B(z) of z.
Clearly, branching divisors of equivalent functions are the same. Moreover, the compact holomorphic curve X c is also uniquely determined by the branching divisor and some additional ramification data (of combinatorial type). Namely, assume that z has degree d and let z i ∈ CP 1 , i = 1, . . . , N be branching points of function z, w ∈ CP 1 be a non branching point. Fix a system of non-intersecting paths γ = {γ i } i=1,...,N . The ith path γ i connects w and z i . We want to construct a system of loops l i ⊂ CP 1 . To construct l i we strat from w and follow first γ i almost to z i , then encircle z i anticlockwise along a small circle and finally go back to w along −γ i . Using l i we associate with each branching point an element of permutation group σ i ∈ Σ d .
The point w has exactly d preimages. Let us label them by integers {1, . . . , d}. Let us follow the loop l i and lift this loop to X c starting from each of the preimages of w. The correspondence start-finish gives us a permutation σ i ∈ Σ d . Therefore, the function z determines N branching points and N permutations. These permutations are not uniquely defined, they depend on the labelling of preimages of w. Therefore, they are determined up to a conjugacy by the elements of Σ d .
Finally, if we have a set of branching points
Hence, the triple (X c , z, E) is equivalent to the quadruple (B(z), γ, σ(z), E).
The Global Functional Model
Let π(ζ) : D → X be a uniformization of the surface X = X c \ E. Thus there exists a discrete subgroup Γ of the group SU (1, 1) consisting of elements of the form
such that π(ζ) is automorphic with respect to Γ, i.e., π(γ(ζ)) = π(ζ), ∀γ ∈ Γ, and any two preimages of P 0 ∈ X are Γ-equivalent. We normalize Z(ζ) := (z • π)(ζ) by the conditions Z(0) = ∞, (ζ d Z)(0) > 0. Note that Γ acts dissipatively on T with respect to the Lebesgue measure dm, that is there exists a measurable (fundamental) set E, which does not contain any two Γ-equivalent points, and the union ∪ γ∈Γ γ(E) is a set of full measure. In fact E can be chosen as a finite union of intervals. For the space of square summable functions on E (with respect to dm), we use the notation L 2 dm|E . A character of Γ is a complex-valued function α : Γ → T, satisfying
The characters form an Abelian compact group denoted by Γ * . Let f be an analytic function in D, γ ∈ Γ. Then we put
Notice that f |[γ] 2 = f for all γ ∈ Γ, means that the form f (ζ)dζ is invariant with respect to the substitutions ζ → γ(ζ) (f (ζ)dζ is an Abelian integral on D/Γ). Analogically, f |[γ] = α(γ)f for all γ ∈ Γ, α ∈ Γ * , means that the form |f (ζ)| 2 |dζ| is invariant with respect to these substitutions.
We recall, that a function f (ζ) is of Smirnov class, if it can be represented as a ratio of two functions from H ∞ with an outer denominator. The following spaces related to the Riemann surface D/Γ are counterparts of the standard Hardy spaces H 2 (H 1 ) on the unit disk. 
is a Hilbert space with the reproducing kernel k α (ζ, ζ 0 ), moreover
We need one more special function. The Blaschke product
is called the Green's function of Γ with respect to the origin. It is a characterautomorphic function, i.e., there exists µ ∈ Γ * such that b(γ(ζ)) = µ(γ)b(ζ). Note, if G(P ) = G(P, ∞) denotes the Green's function of the surface X, then
Let Γ 0 := ker µ, that is Γ 0 = {γ ∈ Γ : µ(γ) = 1}. Evidently, b(ζ) and (Zb d )(ζ) are holomorphic functions on the surface X 0 = D/Γ 0 . Now, assume that α 0 ∈ Γ 0 can be extended to a character on Γ, i.e.,
Note that the set of characters
where ι(γ) = 1 for all γ ∈ Γ 0 is isomorphic to the set (Γ/Γ 0 ) * . Let us fix an elementα 0 ∈ Ω α0 . Since {α ∈ Γ * : α|Γ 0 = α 0 } = {α 0 β : β ∈ Γ * : β|Γ 0 = ι} we can define a measure dχ α0 (α) on Ω α0 by the relation
where dχ ι (β) is the Haar measure on (Γ/Γ 0 ) * (the measure dχ α0 (α) does not depend on a choice of the elementα 0 ).
Obviously, T α := µ −1 α is an invertible ergodic measure-preserving transformation on Ω = Ω α0 with respect to the measure dχ = dχ α0 .
The following Theorem is a slightly modified version of Theorem 2.2 from [5] . 
3. Uniqueness Theorem Proof. Put
. . .
. . . −
According to (5)
Considering (if necessary) a subdomainÕ ⊂ O let us introduce one-to-one map ζ → z. Then, let us putz = z assuming that {z, d logb/dz} is a point on X c \ E. 
Using this notation and identitiesz
where the matrix K is constructed from the reproducing kernels
Combining (8) and (9) we get    b
First of all, h d+l (ω) = 0 for l ≥ 1 because |b l (ζ)b(ζ)| < 1. Since the spectrum of U is discreet andb l (ζ) as well as b(ζ) are holomorphic the ratiob l (ζ)/b(ζ) should be a constant if only h l (ω) = 0. Making use the assumption (logb l (ζ)) ′ = (logb m (ζ)) ′ , l = m, we obtain that only one of entries h l0 (ω) is different from zero.
Therefore, c ζ (ω) = e {γ0} (ω)K(F ω; z,b l0 ) with U e {γ0} =μ {γ0} e {γ0} ; and hance Af := e {γ0} (ω)f (F ω) is not only isometric but a unitary map from L 2 dχ to L 2 dχ such that AŨ = U A. This means thatμ {γ0} is an eigenvalue ofŨ and the local model is given by one of the branches of the functionb, c ζ (ω) = K(F ω; z, µ γbl0 ) with a certain γ.
The following example shows that in the case when the functionsz and {d logb/dz} do not separate points on X c \ E one can give different global functional realizations for the same ergodic operator. 
